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Abstract
Links between certain stochastic evolutions of conformal maps and conformal field theory
have been studied in the realm of SLE and by utilizing singular vectors in highest-
weight modules of the Virasoro algebra. It was recently found that this scenario could
be extended to stochastic evolutions of superconformal maps of N = 1 superspace with
links to superconformal field theory and singular vectors of the N = 1 superconformal
algebra in the Neveu-Schwarz sector. Here we discuss the analogous extension to the
Ramond sector. We also discuss how the links are modified when an unconventional
superconformal structure or superderivative is employed.
Keywords: Stochastic evolutions, superconformal field theory, superspace.
1 Introduction
Certain two-dimensional systems at criticality may be described in terms of stochastic
Lo¨wner evolutions (SLEs). This was discovered by Schramm [1] and has been developed
further in [2, 3], for example. The method involves the study of stochastic evolutions of
conformal maps. A particular link to conformal field theory (CFT) has been examined
by Bauer and Bernard [4] (see also [5]) and extended in [6]. In these studies, the SLE
differential equation is associated to a random walk on the Virasoro group. Based on
the representation theory of CFT, a more direct relationship may be established which
involves entities conserved in mean under the stochastic process. A key ingredient is the
existence of singular vectors in the associated Virasoro highest-weight modules.
This program was extended in [7] to a link between stochastic evolutions of super-
conformal maps in N = 1 superspace and the Neveu-Schwarz (NS) sector in N = 1
superconformal field theory (SCFT). This extension relies on an Ito calculus, not just for
commuting and anti-commuting variables as discussed in [8] and references therein, but
for general non-commuting objects (e.g. group- or algebra-valued entities) on superspace.
The generalization is straightforward, though, and discussed in [7].
Our main objective here is to work out the analogous results in the Ramond sector
of N = 1 SCFT. This can be done by considering the superconformal condition in the
NS sector, but with the odd co-ordinate on superspace having anti-periodic boundary
conditions. Alternatively, as was first noticed in [9], and developed further in [10], one
can obtain the Ramond sector by considering a different superconformal condition, in
which case the odd co-ordinate has periodic boundary conditions. The NS sector is
then characterized by anti-periodic boundary conditions on the odd co-ordinate. In both
approaches, we shall use the representation theory of the N = 1 superconformal algebra
in the Ramond sector to link stochastic evolutions in N = 1 superspace to N = 1 SCFT.
For completeness, we also address the similar link based on the alternative superconformal
condition in the NS sector, and review some of the original results of [7].
2 SLE and CFT
SLE [1, 2, 3], or chordal SLE, describes the evolution of boundaries of simply-connected
domains in the complex plane. This may be thought of as Brownian motion on the set
of conformal maps {gt} satisfying the Lo¨wner equation
∂tgt(z) =
2
gt(z)−
√
κBt
, g0(z) = z (1)
Bt is one-dimensional Brownian motion with B0 = 0, κ ≥ 0, and the system is often
denoted SLEκ.
The link to CFT [4] is established by considering Ito differentials of Virasoro group
1
elements Gt:
G−1t dGt =
(
−2L−2 + κ
2
L2−1
)
dt+
√
κL−1dBt, G0 = 1 (2)
Such group elements are obtained by exponentiating generators of the Virasoro algebra
[Ln, Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0 (3)
where c is the central charge. The conformal transformation generated by a Virasoro
group element has a simple action on a primary field of weight ∆. For simplicity, we do
not distinguish explicitly between boundary and bulk primary fields, nor do we write the
anti-holomorphic part. The transformation generated by Gt reads
G−1t φ∆(z)Gt = (∂zft(z))∆ φ∆(ft(z)) (4)
for some conformal map ft. Using that the Virasoro generators act as
[Ln, φ∆(z)] = (z
n+1∂z +∆(n + 1)z
n)φ∆(z) (5)
one finds that the conformal map ft associated to the random process Gt (2) must be a
solution to the stochastic differential equation
dft(z) =
2
ft(z)
dt−√κdBt, f0(z) = z (6)
With the definition
ft(z) := gt(z)−
√
κBt (7)
this is merely a rewriting of the SLE equation (1).
This link does not teach us to which CFT with central charge c a given SLEκ may
be associated. A refinement is established by relating the representation theory of the
Virasoro algebra to entities conserved in mean under the random process. Observables of
the stochastic process (2) are here thought of as functions on the Virasoro group. With
|∆〉 denoting the highest-weight vector of weight ∆ in the Verma module V∆, we now
follow [4] and consider the time evolution of the expectation value of Gt|∆〉:
∂tE[Gt|∆〉] = E[Gt
(
−2L−2 + κ
2
L2−1
)
|∆〉] (8)
The linear combination −2L−2+ κ2L2−1 will produce a singular vector when acting on the
highest-weight vector provided
cκ = 1− 3(4− κ)
2
2κ
, ∆κ =
6− κ
2κ
(9)
In this case the right-hand side of (8) vanishes in the module obtained by factoring out
the singular vector from the reducible Verma module V∆. The representation theory of
the factor module is thereby linked to the description of entities conserved in mean.
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3 Superspace and SCFT
Here we shall give a very brief summary of results from the theory of N = 1 superspace
and N = 1 SCFT required in the following. We refer to [11, 10] and references therein
for recent accounts on the subject. As we only consider N = 1 superspace and N = 1
SCFT we shall simply refer to them as superspace and SCFT, respectively.
3.1 Superconformal maps
Let
(z, θ) 7→ (z′, θ′),


z′ = g(z) + θγ(z)
θ′ = τ(z) + θs(z)
(10)
denote a general superspace co-ordinate transformation. The conventionally associated
superderivative reads
D = ∂θ + θ∂z (11)
Here θ, θ′, γ and τ are anti-commuting or (Grassmann) odd entities, while z, z′, g and s
are even. A superconformal transformation corresponding to (11) is characterized by
Dz′ = θ′Dθ′ (12)
in which case we have
γ(z) = τ(z)s(z), ∂zg(z) = s
2(z)− τ(z)∂zτ(z) (13)
and
D = (Dθ′)D′, D′ = ∂θ′ + θ
′∂z′ (14)
We shall be interested in locally invertible superconformal maps implying that the com-
plex part of z′ is non-vanishing if the complex part of z is non-vanishing. We assume this
is the case for z 6= 0.
The superconformal transformations are generated by T and G with modes Ln and
Gr satisfying the superconformal algebra
[Ln, Lm] = (n−m)Ln+m + c
12
n(n2 − 1)δn+m,0
[Ln, Gr] = (
n
2
− r)Gn+r
{Gr, Gs} = 2Lr+s + c
3
(r2 − 1
4
)δr+s,0 (15)
The algebra is said to be in the Neveu-Schwarz (NS) sector when the supercurrent G has
half-integer modes, and in the Ramond sector when G has integer modes. Branch cuts
from square roots are known to appear in the Ramond sector.
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Below it will be discussed how one can avoid these branch cuts in the Ramond sec-
tor by introducing a different superconformal structure. To this end, we consider the
superderivative
D = ∂θ + θz∂z (16)
It is accompanied by a modified condition for a map (10) to be superconformal:
Dz′ = θ′z′Dθ′ (17)
whereas (14) remains valid in the sense that
D = (Dθ′)D′, D′ = ∂θ′ + θ′z′∂z′ (18)
The generators of these superconformal transformations also satisfy (15). In particular,
the modes of the supercurrent are still integer in the Ramond sector and half-integer in
the NS sector. Branch cuts now appear in the NS sector instead of the Ramond sector,
and we have periodic boundary conditions on the odd co-ordinate in the Ramond sector,
and anti-periodic boundary conditions in the NS sector. This is the opposite of the
usual characterization of the sectors based on the conventional superconformal structure
defined by D.
3.2 Primary fields and singular vectors
The superconformal transformations generated by Virasoro supergroup elements G extend
the ordinary conformal case (4). Supergroup elements may be constructed by exponen-
tiating the generators of the superconformal algebra. Modes of the supercurrent must in
that case be accompanied by Grassmann odd parameters. Primary fields are defined by
having simple transformation properties with respect to the superconformal generators
(15). With ∆ denoting the (super)conformal dimension, a primary field corresponding
to the superderivative (11) transforms as
G−1Φ∆(z, θ)G = (Dθ′)2∆ Φ∆(z′, θ′) (19)
whereas it was found in [10] that a primary field corresponding to the alternative su-
perderivative (16) transforms as
G−1Φ∆(z, θ)G =
(
z′
z
(Dθ′)2
)∆
Φ∆(z
′, θ′) (20)
The action of the generators on a primary field thus depends on the superderivative.
From (19) we have
[Ln,Φ∆(z, θ)] =
(
zn+1∂z +
1
2
(n+ 1)znθ∂θ +∆(n+ 1)z
n
)
Φ∆(z, θ)
[Gr,Φ∆(z, θ)] =
(−θzr+1/2∂z + zr+1/2∂θ −∆(2r + 1)θzr−1/2)Φ∆(z, θ) (21)
4
with n ∈ Z and r ∈ Z+ 1
2
, while (20) corresponds to
[Ln,Φ∆(z, θ)] =
(
zn+1∂z +
n
2
znθ∂θ +∆(n+ 1)z
n
)
Φ∆(z, θ)
[Gr,Φ∆(z, θ)] =
(−θzr+1∂z + zr∂θ −∆(2r + 1)θzr)Φ∆(z, θ) (22)
where n, r ∈ Z. The commutation relations of the operators Ln, Gr in (22) can be
explicitly calculated and hence can be shown to give rise to a representation of the N = 1
Ramond superconformal algebra. Likewise, the more familiar operators in (21) generate
the N = 1 NS superconformal algebra. As indicated, we are considering even primary
fields only.
The discussion above assumes periodic boundary conditions on the odd co-ordinate
and hence on the supercurrent G(z) =
∑
rGrz
−r−3/2, i.e., G(ze2pii) = G(z). For anti-
periodic boundary conditions where G(ze2pii) = −G(z), the mode of Gr in (21) would be
integer (and thus generate the Ramond algebra), while in (22) it would be half-integer
(and thus generate the NS algebra).
A highest-weight module of the superconformal algebra is reducible if it contains a
submodule generated from a singular vector. In the NS sector, the simplest non-trivial
singular vector in a highest-weight module with highest weight ∆ appears at level 3/2
and is given by
|χ; 3/2〉 =
(
(∆ +
1
2
)G−3/2 − L−1G−1/2
)
|∆〉 (23)
provided
(2∆ + 1)c = 3∆(3− 2∆) (24)
In the Ramond sector, the similar vector appears at level 1:
|χ; 1〉 =
(
(8∆ + c)L−1 − 6G−1G0
)
|∆〉 (25)
provided
(16∆ + 3)c = 8∆(9− 16∆) (26)
4 Graded stochastic evolutions and SCFT
We first consider the stochastic differential
G−1t dGt = αdt+
b∑
i=1
βidB
(i)
t , G0 = 1 (27)
which we can think of as a random walk on the Virasoro supergroup. The coefficients
α and βi are even and generically non-commutative expressions in the generators of the
superconformal algebra. The differential is based on b-dimensional Brownian motion,
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B¯t = (B
(1)
t , ..., B
(b)
t ), with B
(i)
0 = 0. The associated Ito calculus treats the basic differen-
tials according to the rules
(dt)2 = dtdB
(i)
t = 0, dB
(i)
t dB
(j)
t = δijdt (28)
The Ito differential of the element inverse to Gt is given by
d(G−1t )Gt = (−α +
b∑
i=1
β2i )dt−
b∑
i=1
βidB
(i)
t (29)
The superconformal transformation generated by Gt acts on a primary field as (19)
or (20), which means that the new superspace co-ordinate (z′t, θ
′
t) becomes a stochastic
function of (z, θ), parameterized by t ∈ R≥0. To relax the notation, the subscript t will
often be suppressed below. A goal is to compute the Ito differential of both sides of (19)
or (20) and thereby relate the stochastic differential equations of Gt and (z′, θ′). In either
case, the Ito differential of the left-hand side reads
d
(G−1t Φ∆Gt) = d(G−1t )Φ∆Gt + G−1t Φ∆dGt + d(G−1t )Φ∆dGt
=
(
− [α0,G−1t Φ∆Gt]+ 12
b∑
i=1
[
βi,
[
βi,G−1t Φ∆Gt
]])
dt
−
b∑
i=1
[
βi,G−1t Φ∆Gt
]
dB
(i)
t (30)
where we have introduced α0 = α− 12
∑b
i=1 β
2
i . A direct comparison of (30) with the Ito
differential of the right-hand side of (19) or (20) requires that βi and α0 are linear in the
generators:
α0 =
∑
n
y0,nLn +
∑
r
η0,rGr
βi =
∑
n
yi,nLn +
∑
r
ηi,rGr (31)
Here n is integer while r is integer or half-integer depending on the sector.
With the subscript t suppressed, we can express the Ito differentials of the superspace
co-ordinates as
dz′ = z′0dt+
b∑
i=1
z′idB
(i)
t , z
′|t=0 = z
dθ′ = θ′0dt+
b∑
i=1
θ′idB
(i)
t , θ
′|t=0 = θ (32)
needed when computing the Ito differential of the right-hand sides of (19) and (20). The
initial conditions are required to match the initial condition on G in (27).
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4.1 General link for conventional superderivative D
The computation of the Ito differential of the right-hand side of (19), corresponding to
the conventional superderivative D, was carried out in [7]. The result for the NS sector
was subsequently compared to (30). The calculation for the Ramond sector, where r
is integer rather than half-integer, follows in exactly the same way. One uses the same
definition of primary field (21) and require that it be single valued. The same formulae
are obtained, except replacing r ∈ Z+ 1
2
with r ∈ Z. Without specifying this summation
range explicitly, the solutions in the two sectors may both be written as1
z′i = −
∑
n∈Z
yi,n(z
′)n+1 +
∑
r
ηi,rθ
′(z′)r+
1
2
θ′i = −
1
2
∑
n∈Z
(n+ 1)θ′yi,n(z
′)n −
∑
r
ηi,r(z
′)r+
1
2 (33)
and
z′0 = −
∑
n∈Z
y0,n(z
′)n+1 +
∑
r
η0,rθ
′(z′)r+
1
2 +
1
2
b∑
i=1
(z′i∂z′ + θ
′
i∂θ′) z
′
i
θ′0 = −
1
2
∑
n∈Z
(n+ 1)θ′y0,n(z
′)n −
∑
r
η0,r(z
′)r+
1
2 +
1
2
b∑
i=1
(z′i∂z′ + θ
′
i∂θ′) θ
′
i (34)
Using (33), one may of course eliminate z′i and θ
′
i from these latter expressions, but the
result is then less compact than (34). Only finitely many of the expansion coefficients
y and η will be chosen non-vanishing rendering the sums in the solution (33) and (34)
finite.
In conclusion, the construction above establishes a general link between a class of
stochastic evolutions in superspace and SCFT. The stochastic differentials (32) describing
the evolution of the superconformal maps are expressed in terms of the parameters of
the random walk on the Virasoro supergroup (27), and this has been achieved via the
definition of primary fields in SCFT (19). The solution to the stochastic differential
equations in the NS sector is given in (33) and (34) when the sum over r is over r ∈ Z+ 1
2
.
The solution in the Ramond sector, where the odd co-ordinate now has anti-periodic
boundary conditions, is obtained from the NS solution by replacing the summation over
r ∈ Z + 1
2
with r ∈ Z. As can be seen, this introduces square roots of z′, and hence a
branch cut in the Ramond solution.
1Here and in the following, brackets may be used to write powers of z′ as (z′)a instead of z′a, for
example. The parameters preceding these expressions, such as in yi,n(z
′)n+1, should thus not be confused
with functions of z′.
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4.2 General link for alternative superderivative D
Rather than using (19) and the conventional superderivative D, one could try using (20)
and the alternative superderivative D. As we shall see, the branch cuts in the Ramond
sector encountered above are thereby avoided but reappear in the NS sector instead.
To this end, we now consider the case where (z′, θ′) and G in (20) evolve as stochastic
processes, again parameterized by t ∈ R≥0. The Ito differential of the left-hand side of
(20) is given by (30), while the Ito differential of the right-hand side is found to be
d
((z′
z
)∆
(Dθ′)2∆Φ(z′, θ′)
)
=
(Dθ′)2∆
z∆
(
dz′{∆(z′)∆−1Φ(z′, θ′) + (z′)∆∂z′Φ(z′, θ′)}+ dθ′{(z′)∆∂θ′Φ(z′, θ′)}
+(D′dθ′){2∆(z′)∆Φ(z′, θ′)}+ dz′dθ′{(z′)∆∂z′∂θ′Φ(z′, θ′) + ∆(z′)∆−1∂θ′Φ(z′, θ′)}
+(dz′)2{1
2
∆(∆− 1)(z′)∆−2Φ(z′, θ′) + 1
2
(z′)∆∂2z′Φ(z
′, θ′) + ∆(z′)∆−1∂z′Φ(z
′, θ′)}
+(D′dθ′)2{(z′)∆∆(2∆− 1)Φ(z′, θ′)}+ (D′dθ′)dθ′{2∆(z′)∆∂θ′Φ(z′, θ′)}
+dz′(D′dθ′){2∆2(z′)∆−1Φ(z′, θ′) + 2∆(z′)∆∂z′Φ(z′, θ′)}
)
(35)
where we have used that d(Dθ′) = Dθ′D′(dθ′) following from (18). Introducing the same
expansions as in (32) and (31), and using (22) and (28), one may now compare (30) to
(35). We thereby find
z′i = −
∑
n∈Z
yi,n(z
′)n+1 +
∑
r
ηi,rθ
′(z′)r+1
θ′i = −
1
2
∑
n∈Z
nyi,nθ
′(z′)n −
∑
r
ηi,r(z
′)r (36)
and
z′0 = −
∑
n∈Z
y0,n(z
′)n+1 +
∑
r
η0,rθ
′(z′)r+1 +
1
2
b∑
i=1
(z′i∂z′ + θ
′
i∂θ′) z
′
i
θ′0 = −
1
2
∑
n∈Z
ny0,nθ
′(z′)n −
∑
r
η0,r(z
′)r +
1
2
b∑
i=1
(z′i∂z′ + θ
′
i∂θ′) θ
′
i (37)
As in the case of the conventional superderivative above, n is integer whereas r is integer
or half-integer depending on the sector. The expressions (36) and (37) thus represent
the solution in the Ramond sector when the sum over r is over Z, while r ∈ Z+ 1
2
gives
the solution in the NS sector. We wish to point out that, despite the use of a different
superderivative and a different definition of a primary field, there is a striking similarity
of these solutions with (33) and (34). However, the new results (36) and (37) represent
the Ramond sector without the need of introducing a square root. Square roots appear in
the NS sector instead. This now gives an alternative way of linking stochastic evolutions
in superspace with SCFT.
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4.3 Expectation values and singular vectors
Here we wish to indicate how time evolutions of expectation values may be evaluated. In
this regard, observables of the process Gt are thought of as functions of Gt. The results in
[7] on the NS sector, generalizing one of the main results in [4] on ordinary SLE, may be
extended straightforwardly to cover the Ramond sector as well. We thus introduce the
graded vector fields
(∇nF )(Gt) = d
du
F (GteuLn)|u=0
(ErF )(Gt) = d
dν
F (GteνGr)|ν=0 (38)
associated to the generators Ln and Gr. Here Er and ν (and of course Gr) are odd, and
F is a function admitting a ‘sufficiently convergent’ Laurent expansion. As always, the
Ramond sector corresponds to r being integer, while half-integer r corresponds to the NS
sector. Referring to the notation in (31), we find that
∂tE[F (Gt)] = E[
(
α0(∇, E) + 1
2
b∑
i=1
β2i (∇, E)
)
F (Gt)] (39)
where
α0(∇, E) =
∑
n∈Z
y0,n∇n +
∑
r
η0,rEr
βi(∇, E) =
∑
n∈Z
yi,n∇n +
∑
r
ηi,rEr (40)
This follows from (27), (29), α = α0 +
1
2
∑b
i=1 β
2
i and
∇n(G−Nt ) =
d
du
((
e−uLnG−1t
)N) |u=0
Er(G−Nt ) =
d
dν
((
e−νGrG−1t
)N) |ν=0 (41)
This may be used to obtain a more direct relationship along the lines of section 2,
thereby linking the representation theory of the superconformal algebra, through the con-
struction of singular vectors, to entities conserved in mean under the stochastic process.
In particular, it is seen that (39) reduces to
∂tE[Gt|∆〉] = E[Gt
(
α0 +
1
2
b∑
i=1
β2i
)
|∆〉] (42)
when F (Gt) = Gt|∆〉. We should thus look for processes allowing us to put(
α0 +
1
2
b∑
i=1
β2i
)
|∆〉 ≃ 0 (43)
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in the representation theory. Gt|∆〉 is then a so-called martingale of the stochastic process
Gt. That is, we should look for processes where (43) corresponds to a null vector in the
highest-weight module generated from the vector |∆〉.
4.3.1 Results for conventional superderivative D
It is discussed in [7] how the NS singular vector (23) may be obtained by considering
α0 = −yηG−3/2, β =
√
κ(yL−1 + ηG−1/2), y
2 = 0 (44)
This corresponds to
cκ =
15
2
− 3
(
κ +
1
κ
)
, ∆κ =
2− κ
2κ
(45)
and is in accordance with the ordinary labeling of reducible highest-weight modules of the
superconformal algebra with ∆ = h3,1. The associated stochastic differential equations
are found in [7] to be
dz′ =
yθ′η
z′
dt− (y + θ′η)√κdBt, z′|t=0 = z
dθ′ =
yη
z′
dt− η√κdBt, θ′|t=0 = θ (46)
with solution
z′t = z +
θyη
z
t− (y + θη)√κBt
θ′t = θ +
yη
z
t− η√κBt (47)
Using Dz′ = θ′Dθ′, it is easily seen to be a superconformal map.
A different scenario based on a two-dimensional Brownian motion is also discussed in
[7]. Here we shall confine ourselves to one-dimensional Brownian motion only, and our
goal now is to examine the stochastic differential equations associated to the level-one
singular vector (25) in the Ramond sector. It may be constructed based on
α0 = −1
2
ǫηL−1 , β =
√
κ(ǫG−1 + ηG0) (48)
as one then has (
α0 +
1
2
β2
)
|∆〉 = ǫη
(
(κ− 1
2
)L−1 − κG−1G0
)
|∆〉 (49)
This corresponds to
cκ =
15
2
− 3
(
κ+
1
κ
)
, ∆κ =
6κ− 3
16
(50)
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and is in accordance with the ordinary labeling of reducible highest-weight modules of the
superconformal algebra with ∆ = h1,2. The associated stochastic differential equations
are found to be
dz′ =
1
2
ǫηdt+
√
κ
(
ǫ(z′)−
1
2 + η(z′)
1
2
)
θ′dBt, z
′|t=0 = z
dθ′ =
κǫηθ′
2z′
dt−√κ
(
ǫ(z′)−
1
2 + η(z′)
1
2
)
dBt, θ
′|t=0 = θ (51)
Substituting
w′ = z′ −√κ
(
ǫ(z′)−
1
2 + η(z′)
1
2
)
θ′Bt (52)
it can be shown that
dw′ =
1
2
ǫηdt, w′|t=0 = z (53)
which can be readily solved:
w′ = z +
1
2
ǫηt (54)
Making the additional substitution
χ′ = θ′ +
√
κ
(
ǫ(z′)−
1
2 + η(z′)
1
2
)
Bt (55)
we have
dχ′ = −κǫηθ
′
2z′
dt− κǫηθ
′Bt
z′
dBt, χ
′|t=0 = θ (56)
with solution
χ′ = θ − κǫηθ
′B2t
2z′
(57)
The original stochastic differential equations (51) are finally found to be solved by
z′ = z +
1
2
ǫηt +
√
κ
(
ǫz−
1
2 + ηz
1
2
)
θBt
θ′ = θ −√κ
(
ǫz−
1
2 + ηz
1
2
)
Bt +
κǫηθ
2z
B2t (58)
This is easily seen to correspond to a superconformal map. It is observed that, unlike
the NS solution (47), this Ramond solution involves the Brownian motion squared. It is
also noted that the solution represents stochastic evolutions in only the ‘soul’ part of the
even co-ordinate, as the complex part of it remains unchanged. As already announced,
square roots of z are apparent in these expressions.
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4.3.2 Results for alternative superderivative D
We now turn to the alternative superderivative D using (36) and (37). First we consider
the Ramond sector based on the level-one singular vector (25) and the random walk given
by (48) and (49). The associated stochastic differential equations read
dz′ =
1
2
ǫηdt+
√
κ(ηz′ + ǫ)θ′dBt, z
′|t=0 = z
dθ′ =
(
κ− 1
2
)
ǫηθ′
2z′
dt−√κ
(
η +
ǫ
z′
)
dBt, θ
′|t=0 = θ (59)
which are seen to be free of square roots of z′, as expected. These equations can be solved
in a manner similar to the one employed above. First we substitute
w′ = z′ −√κ(ηz′ + ǫ)θ′Bt (60)
yielding the stochastic equation
dw′ =
1
2
ǫηdt, w′|t=0 = z (61)
with solution
w′ = z +
1
2
ǫηt (62)
Making the further substitution
χ′ = θ′ +
√
κ
(
η +
ǫ
z′
)
Bt +
κǫηθ′
2z′
B2t (63)
yields the stochastic equation
dχ′ = −ǫηθ
′
4z′
dt, χ′|t=0 = θ (64)
with solution
χ′ = θ − ǫηθ
′t
4z′
(65)
The solution to the original set of equations (59) finally reads
z′ = z +
1
2
ǫηt+
√
κ (ηz + ǫ) θBt
θ′ = θ − ǫηθ
4z
t−√κ
(
η +
ǫ
z
)
Bt +
κǫηθ
2z
B2t (66)
This can be substituted directly into (17) to check that it corresponds to a superconformal
map. Two different, stochastically evolving systems, (58) and (66), have thus been found
to correspond to the same singular vector (25). Only one of them contains square roots
of z.
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To ‘complete the picture’, we now examine the stochastic differential equations fol-
lowing from considering the NS singular vector (23) in the realm of the alternative su-
perconformal structure based on D. Following our general prescription, we find
dz′ = −yηθ′(z′)− 12dt+√κ
(
ηθ′(z′)
1
2 − y
)
dBt, z
′|t=0 = z
dθ′ = (1− κ
2
)yη(z′)−
3
2dt+
√
κ
(
1
2
yθ′(z′)−1 − η(z′)− 12
)
dBt, θ
′|t=0 = θ (67)
The new co-ordinate
w′ = z′ +
√
κ
(
y − ηθ′(z′) 12
)
Bt (68)
then satisfies the stochastic differential equation
dw′ = −yηθ′(z′)− 12dt, w′|t=0 = z (69)
with solution
w′ = z − yηθ′(z′)− 12 t (70)
Likewise, the substitution
χ′ = θ′ +
√
κ
(
η(z′)−
1
2 − 1
2
yθ′(z′)−1
)
Bt, χ
′|t=0 = θ (71)
must respect
dχ′ = (1 +
κ
2
)yη(z′)−
3
2dt+ κyη(z′)−
3
2BtdBt (72)
with solution
χ′ = θ + yη(z′)−
3
2 t+
1
2
κyη(z′)−
3
2B2t (73)
One could have made a further substitution and considered the equation
d
(
(w′)
3
2 χ˜′
)
= d
(
(w′)
3
2{χ′ − κ
2
yη(z′)−
3
2B2t }
)
= yηdt, (w′)
3
2 χ˜′|t=0 = z 32 θ (74)
which is solved trivially and without reference to the original equations (67). In either
case, one may conclude that the original equations are solved by
z′ = z − yηθz− 12 t+√κ
(
ηθz
1
2 − y
)
Bt
θ′ = θ + yηz−
3
2 t +
√
κ
(
1
2
yθz−1 − ηz− 12
)
Bt − 1
2
κyηz−
3
2B2t (75)
This is seen to correspond to a superconformal map.
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5 Conclusion
The results of [7] on the links between stochastic evolutions of superconformal maps and
the NS sector of N = 1 SCFT have been extended to the Ramond sector, as well as to
an unconventional superconformal structure underlying N = 1 superspace and N = 1
SCFT. In the usual treatment of the Ramond sector, it is found that square roots of
the even co-ordinate, z, have to be introduced. Based on the alternative superconformal
structure and using the associated definition of a primary field found in [10], a modified
set of equations are found. They give results for the Ramond sector without square roots,
while square roots appear in the NS sector. To the best of our knowledge, this is the
first time that such a primary field has been used, and results compared to the more
conventional treatment of the Ramond and NS sectors.
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